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ABSTRACT
We obtain a three-parameter family of massive N = 1 supergravities in three dimensions
from the 3-sphere reduction of an off-shell N = (1, 0) six-dimensional Poincare´ supergravity
that includes a curvature squared invariant. The three-dimensional theory contains an off-
shell supergravity multiplet and an on-shell scalar matter multiplet. We then generalise
this in three dimensions to an eight-parameter family of supergravities. We also find a
duality relationship between the six-dimensional theory and the N = (1, 0) six-dimensional
theory obtained through a T 4 reduction of the heterotic string effective action that includes
the higher-order terms associated with the supersymmetrisation of the anomaly-cancelling
tr(R ∧R) term.
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1 Introduction
Three-dimensional topologically massive gravity (TMG) was introduced long ago as a toy
model for studying quantum gravity [1, 2]. The topological mass term was introduced in
order to give dynamics to the gravitational field, but in order for the graviton to have positive
mass it was necessary to reverse the usual sign of the Einstein-Hilbert term. This had the
unfortunate effect that the BTZ black hole solution then has negative mass. Recently, it
was observed that if the coupling constant of the topological mass term takes a certain
critical value, the bulk massive graviton decouples, one can revert to the usual sign for the
Einstein-Hilbert term, and thus one obtains a unitary theory where the BTZ black hole has
positive mass [3]. The theory is dual to a two-dimensional chiral conformal field theory on
the boundary.
In subsequent developments in three-dimensional gravity, further generalisations were
introduced involving the addition of higher-order curvature terms [4, 5]. These multi-
parameter theories allow families of parameter choices that again exhibit critical behaviour,
with the massive graviton decoupling in the bulk. Supersymmetric extensions of these
theories [6, 7], and also the original TMG theory [2, 8, 9, 6], have been constructed.
Even though the original motivation for considering three-dimensional gravity theories
was that they might stand in their own right as consistent toy models for quantum gravity,
it is nevertheless natural to ask whether these theories can be embedded in string theory. If
this could be done, it could, as a toy model, help to shed light on the quantum description
of gravity within string theory in higher dimensions. A first step was taken in [10], where
the 2-sphere reduction of a five-dimensional supergravity with curvature-squared terms [11]
was considered. After the reduction in [10], non-local and higher-derivative field redefi-
nitions were performed in order to remove the resulting curvature-squared terms in three
dimensions, giving precisely the usual TMG theory. The use of such field redefinitions is
somewhat questionable, since the solution space of the redefined theory is different from
that of the original one [10].1 The string theory origin of the five-dimensional theory, which
is itself complete without requiring any terms beyond the quadratic order in curvature, is
unclear.
More recently, it was shown that theories of gravity with topological terms (of the
1By the same token, such non-local higher-derivative field redefinitions could ostensibly be used to trans-
form the “new massive gravity” theory of [4] into pure Einstein-Hilbert gravity. Again, the non-local, and
non-invertible, nature of the transformations implies that the solution spaces in the two sets of variables are
inequivalent.
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form tr(R ∧ R ∧ · · ·R ∧ ω), etc.) in 4k + 3 dimensions can be recursively embedded in
higher-dimensional such theories via consistent reductions on homogeneous Einstein spaces
of dimension 4n [12]. A special case of such reductions yields three-dimensional TMG from
a seven-dimensional starting point [13].
In this paper, we shall study the 3-sphere reduction of a six-dimensional off-shell Poincare´
supergravity with R + αRiem2 type action, where α is an arbitrary constant, which was
constructed in [14, 15]. We find that this reduction, upon a suitable and consistent trun-
cation, yields a class of massive N = 1 supergravities in three dimensions which include a
Lorentz Chern-Simons term. These are disjoint from a larger class of such models that were
recently constructed directly in three dimensions [7]. We shall not carry out any non-local
field redefinitions of the kind described in [10], which could ostensibly allow us to remove
all the higher-order curvature terms except the Lorentz Chern-Simons term, for the reasons
we discussed above.
In section 2, we present the action, supersymmetry transformation rules and bosonic
equations of motion for the six-dimensional R + αRiem2 supergravity model constructed
in [14, 15]. In section 3, we perform a consistent reduction of the six-dimensional theory
on a 3-sphere, and obtain a three-parameter family of massive supergravities in three di-
mensions. (There are two continuous parameters and a discrete parameter, which is the
coefficient of the Einstein-Hilbert term, and which takes the values 1, 0 or −1.) These the-
ories comprise a mixing of an off-shell N = 1 supergravity multiplet coupled to an on-shell
scalar multiplet. We give the full supersymmetric completion of the bosonic action, includ-
ing those terms which have not previously been studied in [7]. In section 4 we generalise
our three-dimensional theory to one containing eight parameters, thus extending previous
results in [7]. We then study the critical points of these three-dimensional theories, i.e. the
hypersurfaces in parameter space where the propagating gravity modes decouple.
Having sucessfully embedded a generalised three-dimensional topologically massive su-
pergravity in six dimensions, we can address the further question of whether the embedding
can be lifted to string theory. The off-shell nature of the model ensures that the R and
Riem2 actions are separately supersymmetric. By contrast, adding higher derivative terms
in the on-shell supergravities, such as the ten-dimensional heterotic supergravity, requires
a derivative expansion which is supersymmetric only order by order in α′. In attempting
to embed the six-dimensional model we are studying here into ten-dimensional heterotic
supergravity, we find, as discussed in section 5, that the 4-torus reduction of the latter,
followed by a consistent truncation, is related to the six-dimensional model in a dual formu-
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lation. More precisely, it appears that the T 4 dimensional reduction of the (infinite number
of) terms in the heterotic α′ expansion that are directly associated with the supersymmet-
ric completion of the tr(R ∧R) anomaly-cancelling term seem to be reproduced simply by
dualising the 2-form potential of the exact R + αRiem2 model. We provide evidence for
this phenomenon by computing the leading terms in the correspondence between these two
models connected by duality transformation.
Our conclusions appear in section 6. Appendix A sets out our notation and conventions,
and appendix B contains some formulae useful for the calculations in section 4. In appendix
C, we present the six-dimensional off-shell N = (1, 0) supergravity model, which was given
in the string frame in section 2, in the Einstein frame.
2 The Six-Dimensional Theory
2.1 The off-shell Poincare´ multiplet and field redefinitions
Our starting point is the six-dimensional N = (1, 0) supergravity constructed in [14], using
the 48 + 48 component off-shell Poincare´ supermultiplet consisting of the fields
{
eaµ, ψ
i
µ, V
ij
µ , Bµν , Cµνρσ , φ, ψ
i
}
, (2.1)
where eaµ is the vielbein, ψ
i
µ, (i = 1, 2), is the symplectic Majorana-Weyl gravitino, V
ij
µ = V
ji
µ
is a triplet of SU(2) gauge fields, Bµν is a real 2-form potential with 1-form gauge invariance,
Cµνρσ is a real 4-form potential with 3-form gauge invariance, φ is a real scalar, and ψ
i is
a symplectic Majorana-Weyl spinor. We shall work with the field strengths H = dB and
G = dC.
The full Lagrangian we shall study is a sum of the off-shell Poincare´ supergravity [14]
and an off-shell supersymmetrisation of R2µνab [15]. The sum can be schematically written
as
e−1L = σR(e) + · · · + 14αeφ
(
Rµνab(e)
2 + · · · ) , (2.2)
where α is an constant, σ = ±1, 0, and we have set the six-dimensional gravitational coupling
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constant to unity. It was shown in [15] that the field redefinitions2
êaµ = e
φ/2eaµ ,
ψ̂µ = e
φ/4ψµ − e−3φ/4Γµψ ,
ǫ̂ = eφ/4ǫ . (2.3)
lead to considerable simplifications in the supersymmetry transformation rules (detailed in
the next subsection and appendix C) that facilitates the construction of the RµνabR
µνab in-
variant by analogy with the super Yang-Mills system. In particular, the dilaton dependence
disappears in this invariant and the result now takes the form
e−1L = σe−2φR(eˆ) + · · ·+ 14α
(
Rµνab(eˆ)
2 + · · · ) = e−1 (σLR + 14αLRiem2) . (2.4)
2.2 The bosonic part of the off-shell Poincare´ action and supersymmetry
In more detail, and dropping the hats for simplicity, the bosonic part of the full action is
given by
e−1LR = e−2φ
(
R+ 4∂µφ∂
µφ− 112HµνρHµνρ + 12V ijµ V µij
)
− 1
5!
√
2
εµν1...ν5Gν1...ν5Vµijδ
ij +
1
2× 5!e
2φGµ1...µ5G
µ1...µ5 , (2.5)
and
e−1LRiem2 = Rµνab(ω+)Rµνab(ω+)−GijµνGµνij + 14εµνρσλτRµνab(ω+)Rρσab(ω+)Bλτ , (2.6)
where Hµνρe
ν
ae
ρ
b = Hµab enters the spin connection as a torsion,
ωµ±ab = ωµab ± 12Hµab . (2.7)
The spin connection ωµab is the standard one that follows from de
a + ωab ∧ eb = 0. The
curvatures are defined as
Rµν
ab(ω±) = 2∂[µων]±
ab + ω[µ±
ac ων]±
cb ,
Gijµν = 2∂[µV
ij
ν] + V[µ
k(iVν]
j)
k . (2.8)
2The redefinition of V ijµ given in [15] is quadratic in fermions, which is not relevant at the order in
fermions we are working in this paper.
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The off-shell supersymmetry transformations, up to cubic fermion terms, are given by
[14, 15] (see appendix C for further details)3
δeaµ =
1
2 ǫ¯Γ
aψµ ,
δψµ = Dµ(ω−)ǫ ,
δBµν = ǫ¯Γ[µψν] ,
δV ijµ = ǫ¯
(iΓλψ
j)
λµ(ω−) +
1
6 ǫ¯
(iΓ ·Hψj)µ ,
δCµνρσ = 2
√
2e−2φǫ¯i Γ[µνρψ
j
σ] δij + 2
√
2e−13φ/4 ǫ¯i Γµνρσψj δij ,
δψ = 14e
5φ/4Γµ∂µφǫ− 148e5φ/4Γ ·Hǫ− eφη
δφ = e−5φ/4ǫ¯ψ , (2.9)
where Γ ·H = ΓµνρHµνρ. The parameter η, up to cubic fermions, is defined by
ηi =
(
− 1
4
√
2
eφ/4ΓµV (jµ k δ
ℓ)k ǫj +
1
5!× 8√2e
9φ/4Γµ1...µ5Gµ1...µ5ǫ
ℓ
)
δℓi , (2.10)
and
Dµ(ω−)ǫi = ∂µǫi + 14ωµab(ω−)Γabǫi + 12V ijµ ǫj ,
ψiµν(ω−) = 2D[µ(ω−)ψiν] =
(
∂µ +
1
4ωµ−
abΓab
)
ψiν +
1
2V
ij
µ ψνj − µ↔ ν . (2.11)
The transformation rules for Cµνρσ and ψ, φ in the form above were not given in [15] because
they were not needed for the construction of the Rµν
abRµνab invariant which involves only
the fields (eaµ, ψµ, Bµν , V
i
µ). We shall need these transformation rules, however, in the off-
shell Poincare´ supergravity sector.
2.3 The RµνabR
µνab invariant
The supersymmetrization of RµνabR
µνab in six dimensions has been accomplished in [15]
by using the Noether procedure, and in [16] by exploiting a map between the Yang-Mills
supermultiplet and a set of fields in the off-shell Poincare´ supermultiplet in [16]:(
AIµ, Y
ij
I , λ
i
I
)
−→
(
2ω̂µ
ab
+ , −Ĝabij, ψiab(ω−)
)
, (2.12)
3 In the results of [15], we have multiplied the action by 2 and let Hµνρ → −Hµνρ. Furthermore, in eqn.
(4.29) of [14], 1/8→ 1/4 and −3/4→ −3/8, thereby correcting the typos there. See appendix A for further
information on conventions.
7
where
Ĝijµν = G
ij
µν + 2ψ¯
(i
[µΓ
λψ
j)
ν]λ(ω−) +
1
6 ψ¯
(i
[µΓ ·Hψ
j)
ν] , (2.13)
up to quartic fermions, and
ω̂abµ+ = ωµ
ab + 12 ψ¯µΓ
[aψb] + 14 ψ¯
aΓµψ
b + 12Hµ
ab . (2.14)
As explained in [16], applying this map to the super Yang-Mills multiplet coupled to
Poincare´ supergravity given in [14] leads to the action
e−1LRiem2 = Rµνab(ω̂+)Rµνab(ω̂+) + 2ψ¯ab(ω+) /D(ω, ω+)ψab(ω−)− ĜijµνĜµνij
−Rµνab(ω−)ψ¯λΓabΓλψµν(ω−) + 112 ψ¯ab(ω−)Γ ·Hψab(ω−)
+14ε
µνρσλτRµν
ab(ω̂+)Rρσab(ω̂+)Bλτ , (2.15)
where, up to quartic fermions,
Dµ(ω, ω+)ψiab =
(
∂µ +
1
4ωµ
cdΓcd
)
ψiab − 2ωµ+[acψib]c + 12V ij[a ψb]j . (2.16)
The action is given modulo quartic fermions, and so in addition to the quartic fermion
terms that have been suppressed, those which arise from the term Rµνab(ωˆ+)R
µνab(ωˆ+) and
ĜijµνĜ
µν
ij can be dropped. Note in particular that there will be terms bilinear in fermions
coming from the fermionic torsion in the first term in the action. We have also used the
fact that Rµνab(ω−) = Rabµν(ω+) + fermion bilinears [15].
It will prove to be convenient to rewrite ψ¯ab /D(ω, ω+)ψab in terms of the torsionful spin
connection ωµ−ab. This leads to the action [15, 16]
e−1LRiem2 = Rµνab(ω̂+)Rµνab(ω̂+) + 2ψ¯ab(ω−) /D(ω−)ψab(ω−)− ĜijµνĜµνij
−Rµνab(ω−)ψ¯λΓabΓλψµν(ω−) + 13 ψ¯ab(ω−)Γ ·Hψab(ω−) (2.17)
+4Hµνρψ¯µλ(ω−)Γρψνλ(ω−) + 14ε
µνρσλτRµν
ab(ω+)Rρσab(ω+)Bλτ ,
where
Dµ(ω−)ψiab =
(
∂µ +
1
4ωµ−
cdΓcd
)
ψiab − 2ωµ−[acψib])c + 12V ijµ ψabj . (2.18)
A few notational clarifications are in order. Firstly, ψab(ω−) = e
µ
aeνb ψµν(ω−), with ψµν(ω−)
as defined in (2.11). Using this definition in the second term in the above action gives
2ψ¯µν(ω−) /D(ω−,Γ−)ψµν(ω−) where
Γρ±µν = Γ
ρ
µν ± 12Hρµν , (2.19)
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satisfying the vielbein postulate
∂µe
a
ν + ωµ±
abeνb − Γρ∓µν eaρ = 0 . (2.20)
and
Dλ(ω−,Γ−)ψiµν =
(
∂λ +
1
4ωλ−
abΓab
)
ψiµν + 2Γ
σ
−λ[µψ
i
ν]σ +
1
2V
ij
λ ψµνj . (2.21)
2.4 The bosonic equations of motion
After performing a consistent truncation of the auxiliary fields, by setting
V ijµ = 0 , Cµνρσ = 0 , (2.22)
the six-dimensional action is given by
L = √−g e−2φ
[
R+ 4(∂φ)2 − 112HµνρHµνρ
]
+ 14α
√−g R˜µνρσR˜µνρσ + 14βLCS ,(2.23)
where H = dB and
LCS = 14ǫµνρσλτ R˜αβµν R˜αβρσ Bλτ . (2.24)
Here we have introduced the additional parameter β for convenience, so that we can dis-
tinguish between terms coming from curvature squared, versus terms coming from the
Chern-Simons term. In what follows we should keep in mind that six-dimensional super-
symmetry will require β = ±α, and in fact with the fermion conventions we shall be using,
supersymmetry requires
β = +α . (2.25)
(For simplicity, we have not included the discrete parameter σ, introduced in (2.2) and
(2.4) here. It can easily be introduced if desired by making the field redefinition φ −→
φ− 12 log σ, with σ initially allowed to be any constant and then taken to be ±1 or 0 after
the substitution.)
In the remainder of this section, we shall use the notation
Γρ−µν ≡ Γ˜ρµν = Γρµν − 12Hρµν . (2.26)
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The Riemann tensor for this connection is defined by4
R˜αβµν = ∂µΓ˜
α
νβ − ∂ν Γ˜αµβ + Γ˜αµγ Γ˜γνβ − Γ˜ανγΓ˜γµβ . (2.27)
Thus we have
R˜αβµν = R
αβ
µν +∇[µHν]αβ − 12Hαλ[µHβλν] . (2.28)
The Chern-Simons term LCS can be written as the 6-form
LCS = −2Θ˜αβ ∧ Θ˜αβ ∧B , (2.29)
where Θ˜αβ = 12 R˜
αβ
µν dx
µ∧dxν is the curvature 2-form with torsion. Up to a total derivative,
it may also be written as
LCS = 2 I˜3 ∧H , (2.30)
where
dI˜3 = tr(Θ˜ ∧ Θ˜) = −Θ˜αβ ∧ Θ˜αβ . (2.31)
The Chern-Simons form I˜3 is given by
I˜3 = (Γ˜
α
µβ∂νΓ˜
β
ρα +
2
3 Γ˜
α
µβΓ˜
β
νγ Γ˜
γ
ρα) dx
µ ∧ dxν ∧ dxρ
= 2L˜LCS d3x , (2.32)
where we have used dxµ ∧ dxν ∧ dxρ = −ǫµνρd3x and defined the Lorentz-Chern-Simons
Lagrangian
L˜LCS = −12εµνρ
(
Γ˜αµβ∂νΓ˜
β
ρα +
2
3 Γ˜
α
µβΓ˜
β
νγΓ˜
γ
ρα
)
. (2.33)
Under a variation of the connection, we have
δI˜3 = δΓ˜
α
µβR˜
β
ανρ dx
µ ∧ dxν ∧ dxρ + dδν , (2.34)
where
δν = δΓ˜αµβΓ˜
β
να dx
µ ∧ dxν . (2.35)
4From the vielbein postulate (2.20), it follows that Rµν
ab(ω+)e
α
aeβb = R˜
α
βµν . Note that when writing the
Riemann tensor with all coordinate indices, we follow the original and standard general relativity convention
of putting the manifestly-antisymmetric index pair to the right, Rµνρσ = 2∂[ρΓ
µ
σ]ν + · · · , whereas when the
Riemann tensor is written with two coordinate and two local Lorentz indices, we follow the supergravity
convention of putting the manifestly-antisymmetric coordinate-index pair to the left, Rµν
ab = 2∂[µω
ab
ν] + · · · .
Since in the former case all the indices on the Riemann tensor are greek, whereas in the latter case there are
two greek and two latin indices, there shoud be no confusion.
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Thus in terms of components, we have
δI˜µνρ = 6R˜
β
α[µνδΓ˜
α
ρ]β + 3∂[µδννρ] . (2.36)
We find that the equations of motion are given by
e−2φ (Rµν + 2∇µ∇νφ− 14HµρσHνρσ) + 14Eµν = 0 , (2.37)
∇µ(e−2φHµνρ)− 12α∇µ∇˜σR˜[µνρ]σ + 6α∇µ
(
R˜[µνσλH
ρ]σλ
)
−12βR˜αβµσ R˜βαλτ εµσλτνρ − 6β∇µ
(
R˜[µνσλ
∗Hρ]σλ
)
= 0 , (2.38)
R− 4(∇φ)2 + 4 φ− 112H2 = 0 , (2.39)
where
Eµν = 2αR˜
αβ
µρ R˜αβν
ρ − 12αR˜αβρσR˜αβρσ gµν − 4α∇α∇˜λR˜α(µν)λ
−2α
(
∇˜λR˜α(µλσ
)
Hν)σα + 2α∇β
(
R˜β(µ
αγHν)αγ
)
− αR˜β(µρλHν)γβHγρλ
−2β∇β
(
R˜β(µ
αγ ∗Hν)αγ
)
+ βR˜β(µ
ρλHν)γβ
∗Hγρλ (2.40)
and ∗Hµνρ ≡ 16εµνρσλτHσλτ . (Note that the occurrence of some covariant derivatives with
torsion, and others without torsion, is intended, and is not a misprint.)
3 3-Sphere Reduction to Three Dimensions
3.1 The full bosonic action in three dimensions
We now consider the 3-sphere reduction, with the ansatz given by
ds26 = ds
2
3 + dΣ
2
3 , H3 = 2S ǫ(3) + 2mΣ(3) , (3.1)
wherem is a constant, and dΣ23 is the metric of the round S
3 with Rij = 2mgij . Substituting
the ansatz into the six-dimensional equations of motion (with the parameter σ introduced
by sending φ −→ φ − 12 log σ, as discussed previously), we obtain equations of motion for
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the three-dimensional fields:
0 = α S + σe−2φS +m− 12 (βm− αS)(R + 6S2) , (3.2)
0 = σ
(
4 φ− 4(∂φ)2 +R+ 2S2 + 4m2) , (3.3)
0 = σe−2φ [Rµν + 2∇µ∇νφ]− 2mSgµν
+α
[
Rµν − 12∇µ∇νR− 4RµλRλν + 52RRµν + 32gµν
(
RρσR
ρσ − 712R2
)
−32S4gµν +GµνS2 − (∇µ∇ν − gµν )S2 − 2∂µS ∂νS + (∂S)2 gµν
]
+2βm
[
S3gµν −GµνS + (∇µ∇ν − gµν )S − Cµν
]
, (3.4)
where Gµν = Rµν − 12Rgµν , and Cµν is the Cotton tensor defined by
Cµν = εµ
ρσ∇ρ
(
Rσν − 14gσνR
)
, (3.5)
and the φ field equation has been used to simplify the Einstein equation. Note from (3.2)
that although S is an auxiliary field in the lowest-order theory (where α = 0 and β = 0), it
becomes dynamical when α 6= 0.
It is useful to note, when performing the dimensional reduction, that the connection
with torsion in the 3-sphere directions is flat, and so the curvature R˜ijkℓ on S
3 vanishes.
We find that the three-dimensional equations can be derived from the Lagrangian
e−1L = σe−2φ [R+ 4(∂φ)2 + 4m2 + 2S2]+ 4mS − 2βm (RS + 2S3 − e−1 LBosLCS)
+14α
[
4RµνR
µν −R2 − 8(∂S)2 + 12S4 + 4RS2] . (3.6)
For later purposes, we shall write this as
L = σLBosEH + 4mLBosC + 14αLBosRiem2 + 2βm
(LBosLCS − LBosS3 ) , (3.7)
where
e−1LBosEH = e−2φ
[
R+ 2S2 + 4(∂φ)2 + 4m2
]
, (3.8)
e−1LBosC = S , (3.9)
e−1LBosRiem2 = 4RµνRµν −R2 − 8(∂S)2 + 12S4 + 4RS2 , (3.10)
e−1LBosLCS = 14εµνρ
(
Rµν
abωρab +
2
3ωµ
a
b ων
b
c ωρ
c
a
)
, (3.11)
e−1LBosS3 = RS + 2S3 , (3.12)
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where the spin connections and curvatures are both fermionic and bosonic torsion-free. (We
write ω for ω(e) for simplicity in notation.) It is worth remarking that if we had simply
substituted the ansatz (3.1) into the six-dimensional Lagrangian we would have obtained
the three-dimensional Lagrangian (3.6) but without the 4mS term, and of course it would
therefore not have given rise to the correct three-dimensional equations of motion. It is well
known that substituting a field-strength ansatz such as in (3.1) into a higher-dimensional
Lagrangian typically fails to give the correct lower-dimensional Lagrangian. It is interesting
that the correct Lagrangian is obtained, even when Hµνρ enters in higher-order terms too,
simply by adding the term 4mS.
The higher-order terms in the Lagrangian, proportional to α and β, can simply be
written as
1
4αR˜
µνρσR˜µνρσ − 2βm L˜BosLCS , (3.13)
where the tildes indicate, as usual the curvatures and connections are those involving the
bosonic torsion, as in (2.26) with Hµνρ = 2Sεµνρ. However, S cannot simply be absorbed as
a torsion in the full theory, as can be seen even in the leading-order bosonic terms e−1LBosEH
and e−1LBosC . Furthermore, as we shall discuss below, the supersymmetric completions of
the bosonic terms in (3.13) involve S-dependent terms that cannot be absorbed as a torsion.
The three-dimensional model we have obtained is an intriguing mix of the off-shell super-
gravity multiplet and an on-shell dilatonic scalar multiplet. The combination of invariants
in the supergravity multiplet is special case of the more general massive supergravity ob-
tained in [7]. However, our theory should not be viewed as trivial generalization of the
more general massive supergravity by adding a matter coupling. Truncating out the scalar
multiplet in our theory will not lead to the more general massive supergravity, but rather to
the trivial Einstein-Hilbert term with a cosmological constant. This can be seen from the
three-dimensional supersymmetry transformation rules, which will be given in (3.25) below.
Truncating out (φ,ψ) requires us to take S = −m, and it follows from (3.3) that the Ricci
scalar becomes a constant. Thus the matter coupling in our model is more closely related to
the supergravity multiplet than a typical matter multiplet and the scalar multiplet should
be viewed as an integral part of the theory.
The scalar φ in the three-dimensional multiplet has its origin in a mixing of the six-
dimensional dilaton and the breathing mode of the reduction ansatz. Turning off the higher-
order derivative terms, the relevant Lagrangian is given by (we set σ = 1 in the remainder
of this subsection for simplicity)
e−1L3 = e−2φ(R+ 2S2 + 4(∂φ)2 + 4m2) + 4ξ mS . (3.14)
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Here, we have added a parameter ξ, which takes the value 0 or 1, since S is an independent
invariant. Integrating out the auxiliary field S, we have
e−1L3 = e−2φ(R + 4(∂φ)2 + 4m2 − 2ξm2e4φ) . (3.15)
To see how this scalar φ arises as a mixing of the six-dimensional dilaton and the breathing
mode, let us examine the six-dimensional Lagrangian in the Einstein frame,
L6 = 12
√
−gˆ
(
Rˆ− 12(∂φˆ)2 − 112e−
√
2φˆHˆ2(3)
)
. (3.16)
The reduction ansatz including the breathing mode is given by
dsˆ26 = e
2aϕds23 + e
2bϕdΣ23 , Hˆ(3) = 2m(ǫ(3) + ξΣ(3)) . (3.17)
where a2 = 38 and b = −13a. Thus we have
L3 =
√−g
(
R− 12 (∂φˆ)2 − 12(∂ϕ)2 − V
)
,
V = 2m2(ξ e
√
2φˆ + e−
√
2φˆ)e4aϕ − 6m2e83aϕ , (3.18)
It turns out that we can make the consistent truncation,
φˆ = 12φ , ϕ =
√
2 aφ , (3.19)
so that the resulting Lagrangian is given by
L = √−g
(
R− 12 (∂φ)2 − V
)
,
V = −2m2(2e
√
2φ − ξ e2
√
2φ) . (3.20)
The potential V can be expressed in terms of a superpotential as
V =
(dW
dφ
)2 −W 2 , W = √2m(2e 1√2φ − ξ e√2φ) . (3.21)
The reduction ansatz now becomes
ds26 = e
− 1√
8
φ
(
e
1√
2
φ
ds23 + dΣ
2
3
)
= e
− 1√
8
φ
(
ds2str + dΣ
2
3
)
. (3.22)
It is clear that the vacuum solution AdS3 × S3 with ξ = 1 is the decoupling limit of the
self-dual string. For ξ = 0, the metric of the vacuum solution is a domain wall, which is the
decoupling limit of the electric string.
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3.2 The three-dimensional supersymmetry transformations
Upon reduction to three dimensions, the supersymmetry parameter ǫi, which is a symplectic
Majorana spinor, turns into a spinor ǫiA where the SO(2, 1) spinor index as well as the
spinor index on which the Σ matrices act are suppressed, while the SO(3) spinor index A
is exhibited. This spinor has 8 real components, and therefore it is associated with N = 4
supersymmetry in three dimensions. We shall truncate the theory to N = 1 by setting
ǫiA =
1√
2
ǫΩiA . (3.23)
The six-dimensional chirality condition now translates into τ3ǫ = ǫ, and the six-dimensional
symplectic Majorana condition becomes ǫ∗ = −i ǫ.
In the reduction to three dimensions, we shall let µ → (µ, µ′) and a → (a, a′) where
the primes are used in labeling the internal coordinate world and Lorentz vectors. In the
bosonic sector we truncate as in (2.22) and use ansatz (3.1), while in the fermionic sector
we set
ψiAµ =
1√
2
ψµΩ
iA , ψiA =
i√
2
Σ2ψΩ
iA , ψiAµ′ = 0 . (3.24)
As a consequence, we are left with the three-dimensional fields (eaµ, ψµ, S) and (ψ, φ). We
find their supersymmetry transformations to be
δeaµ =
1
2 ǫ¯γ
aψµ ,
δψµ = Dµ(ω−)ǫ = Dµǫ+ 12γµǫ S ,
δS = 18 ǫ¯γ
µνψµν(ω−) = 18 ǫ¯γ
µνψµν − 14 ǫ¯γµψµ S ,
δψ = 14 e
5φ/4 (γµ∂µφ+ S +m) ǫ ,
δφ = e−5φ/4ǫ¯ψ , (3.25)
where ψµν(ω−) = 2D[µ(ω−)ψν] and
ωµ±ab = ωµab ± εµabS , (3.26)
Using (3.1), we find that ωµ′−a
′b′ = 0 which simplifies the reduction formulae considerably.
For example, ψµν′ = 0 and ψµ′ν′ = 0.
Our results for the transformation rules for (eaµ, ψµ, S) agree precisely with the known
off-shell N = 1 supergravity multiplet transformations in three dimensions. The field S
admits a torsion interpretation [6].
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In section 3.1, we explained why the scalar field S (and its fermionic partner) cannot
be truncated away in presence of the higher derivative couplings, by considering the field
equations. The supersymmetry transformation rules above provide another simple expla-
nation of this phenomenon as follows. Setting φ = 0 implies that S = −m. But then the
supersymmetry variation of S implies the gravitino field equation without higher derivative
terms. Hence, the higher derivative couplings must be absent altogether if we are to be able
to truncate out the scalar multiplet.
3.3 The supersymmetric completion of LBosEH and LBosC
The supersymmetric completion of LBosEH and LBosC can be obtained by performing the 3-
sphere reduction of the off-shell Poincare´ sector of the six-dimensional theory. Since the
fermionic sector of this theory has not been provided until now, we construct the super-
symmetric completion directly in three dimensions, by starting from the bosonic sector and
supersymmetry transformation rules we obtained from the 3-sphere reduction. We find, up
to quartic fermion terms,
e−1LEH = e−2φ
[
R+ 2S2 + 4(∂φ)2 + 4m2
]
+e−2φ
[
− ψ¯µRµ + 2ψ¯µγνψν ∂µφ+mψ¯µγµνψν
]
−8 e−134 φ
[
ψ¯γµR
µ + ψ¯γµγνψµ∂νφ+mψ¯µγ
µψ
]
+8e−
9
2φ
[
ψ¯ψ S + 2ψ¯γµDµψ − 2mψ¯ψ
]
, (3.27)
e−1LC = S + 18 ψ¯µγµνψν . (3.28)
3.4 The supersymmetric completion of LBosRiem2, LBosLCS and LBosS3
Using (2.22), (3.1) and (3.24), we find that the 3-sphere reduction of the six-dimensional
Lagrangian LRiem2 given in (2.15) yields5
5The reduction of the second term in (2.15) gives rise to ψ¯ab /D(ω, ω+)ψab with the covariant derivative
defined in (2.18) for an Sp(1) singlet. We convert that to ψ¯ab /D(ω−)ψab with the covariant derivative defined
in (3.30) by adding and subtracting the required terms. Our result corrects that of [6] for the Riemann2
invariant, where ψ¯ab /D(ω)ψab is used, instead of ψ¯
ab /D(ω,ω+)ψab.
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e−1LD=6Riem2
S3−→ e−1LRiem2 + e−1LLCS + e−1LS3
=
[
Rµνab(ω̂+)R
µνab(ω̂+) + 2ψ¯
ab(ω−) /D(ω−)ψab(ω−)
−Rµνab(ω−)ψ¯λΓabΓλψµν(ω−) + 2Sψ¯µν(ω−)γργµψνρ(ω−)
]
−8m
[
1
4ε
µνρ
(
Rµν
ab(ωˆ)ωˆρab +
2
3 ωˆµ
a
bωˆν
b
cωˆρ
c
a
)
+ 12R¯
µ(ω)γνγµR
ν(ω)
]
+8m
[
R(ω)S + 2S3 − 12R¯µ(ω)γµγνRν(ω)− ψ¯µγµψν ∂νS
+12 ψ¯µγ
µνRν(ω)S − 12 ψ¯µψµS2
]
, (3.29)
modulo the quartic fermion terms in the sense described earlier. Furthermore
Dµ(ω−)ψab =
(
∂µ +
1
4ωµ−
cdΓcd
)
ψab − 2ωµ−[acψb])c , (3.30)
ω̂µ+
ab = ωµ
ab + 12 ψ¯µγ
[aψb] + 14 ψ¯
aγµψ
b + εµ
abS , (3.31)
ω̂µ
ab = ωµ
ab + 12 ψ¯µγ
[aψb] + 14 ψ¯
aγµψ
b , (3.32)
ωµ−ab = ωµab − εµabS . (3.33)
We have grouped the terms in (3.29) as a sum of three terms, each enclosed in square
brackets. Each bracketed set is separately invariant under three-dimensional N = 1 super-
symmetry. The terms in the first bracket furnish a supersymmetrization of the Riemann
tensor squared term (with bosonic torsion). The second set of bracketed terms agrees with
the topologically massive supergravity action LLCS that has been known for some time
[2]. The third bracket provides a superextension of the combination RS + 2S3. Although
the existence of such a super-invariant had been noted in [16], its explicit form has not
previously been given.
Up to quartic fermion terms, the Lagrangians for the three super-invariants can be
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written more explicitly as
e−1LRiem2 = 4RµνRµν −R2 − 8∂µS∂µS + 4RS2 + 12S4
+4ψ¯µγνψρ∇ρRµν + ψµγνρψρ (Rµν − 4∇µ∂νS)− 2ψ¯µγνψν∂µS2
+18 ψ¯µγ
µνψν
(
3RS + 8 S + 16S3
)
+ 2ψ¯ab(ω−) /D(ω−)ψab(ω−)
−Rµνab(ω−)ψ¯λΓabΓλψµν(ω−) + 2Sψ¯µν(ω−)γργµψνρ(ω−) , (3.34)
e−1LLCS = 14εµνρ
(
Rµν
abωρab +
2
3ωµ
a
bων
b
cωρ
c
a
)
+ 12R¯
µγνγµR
ν
+12ε
µνρ
(
Rρσ − 1
4
gρσR
)
ψ¯νγ
σψρ , (3.35)
e−1LS3 = RS + 2S3 − 12R¯µγµγνRν − ψ¯µγµψν ∂νS
+12 ψ¯µγ
µνRνS − 12 ψ¯µψµS2 , (3.36)
where all curvatures in which the arguments are not indicated are understood to be torsion-
free.
4 Generalization of the Model in Three Dimensions and its
Critical Points
The three dimensional model we have obtained through the 3-sphere reduction from six
dimensions has two continuous parameters, namely the cosmological constant m2, and the
coupling constant α in front of the Riemann squared action, which are both dimensionless
if measured in units of κ (which we set to unity, for convenience). We can also include the
discrete parameter σ, the coefficient of the Einstein-Hilbert term, taking the values 1, 0 or
−1. Since the three-dimensional N = 1 supersymmetry is less restrictive than the original
six-dimensional N = (1, 0) supersymmetry, we can generalise the three-dimensional N = 1
theory to include eight parameters, with the Lagrangian in the bosonic sector given by
L = σe−2φ [R+ 2S2 + 4(∂φ)2 + 4m2]+MLBosC
+14αLBosRiem2 + 2βm
(LBosLCS − aLBosS3 )+ bLBosR2 + cLBosS4 , (4.1)
18
where LBosC , LBosRiem2 , LBosLCS and LBosS3 are as defined in (3.8), (3.9), (3.10) and (3.11), while
the last two terms in the Lagrangian are given by [15, 16]
e−1LBosR2 = R2 − 16(∂S)2 + 12RS2 + 36S4 , (4.2)
e−1LBosS4 = 3RS2 + 10S4 . (4.3)
Note that we have set κ2 = 1 and introduced the new positive or negative real parameters
M,a, b, c. Thus the count of eight parameters comprises seven real dimensionless parameters
(measured in units of κ), and the discrete parameter σ = ±1, 0.6 Compared to the seven-
parameter model of [16] our extra parameter is m.7
We note that
D = 6 supersymmetry =⇒ M = 4m , β = α , a = 1 , b = c = 0 . (4.4)
It should be emphasised that the case with β = −α can also be lifted to six-dimensional
supergravity, provided that the supersymmetry transformation rules and spinor chiralities
are modified appropriately.
Turning to the generalized massive supergravity model, the bosonic part of the full
Lagrangian takes the form
e−1L = σe−2φ (R+ 4(∂φ)2 + 2S2 + 4m2)+MS + αRµνRµν + 14(4b− α)R2
−2(α+ 8b)(∂S)2 + (3α + 36b+ 10c)S4 + (α+ 12b+ 3c)RS2
−2βa(RS + 2S3) + 2βme−1LLCS . (4.5)
For generic values of these parameters, the fluctuations around the AdS3 vacuum solu-
tion is expected to describe two helicity |ν| = 2 states and three scalars, the latter coming
from the trace of the metric, the auxiliary field S and the dilatonic scalar φ. For special
6One could take the view that σ should not strictly speaking be thought of as a non-trivial parameter
in the theory, since, as noted in section 2, any value of σ can be obtained from σ = 1 by means of the field
transformation φ −→ φ − 1
2
log σ. However, it is useful to include it explicitly in the Lagrangian since the
cases where σ is negative and σ = 0 have properties that are physically distinct from the case when σ is
positive. Thus perhaps the most useful viewpoint is that there are three distinct seven-parameter theories,
corresponding to σ = +1, σ = −1 and σ = 0.
7The counting of seven parameters in [16] also includes the discrete constant σ, and again, one could
perhaps most appropriately view the model as comprising three distinct six-parameter theories. Although
there is no φ field in the theory in [16], σ is again in a sense a “redundant” parameter, since it can be
introduced, starting from the case σ = 1, by means of appropriate scaling transformations of the fields and
the other coupling constants.
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values of the coupling constants, however, some or all of the helicity |ν| = 2 states may
become singletonic in the sense that they become confined to propagate on the boundary of
AdS3. Additionally, it may be possible that the trace of the metric can be gauged away by
residual coordinate transformations. The massive supergravity model with bosonic sector
given in (4.1) differs from that studied recently in [16] owing to the replacement of R−2S2,
which is the bosonic sector of the simple supergravity, by the Lagrangian (3.8). One of the
consequences of doing so is that we have one extra parameter in the full Lagrangian.
We expand the metric around the AdS3 background as gµν = g¯µν +hµν , and impose the
gauge condition
∇µHµν = 0 , where Hµν ≡ hµν − 13 g¯µνh , h ≡ hµν g¯µν . (4.6)
We expand the scalar fields S and φ around the supersymmetric vacuum solution S¯ = −m
and φ¯ = 0, and denote the fluctuation fields by s and φ, respectively. The requirement that
the S field equation be satisfied by the vacuum solution implies that
M = 4m(σ +m2c) . (4.7)
We shall use this relation in subsequent calculations to eliminate M . Setting m = 1 from
here on for simplicity, the resulting field equations for the scalar fields φ, s, and the trace
of the Einstein equation, respectively, take the form
6σ φ− σ( − 3)h− 6σs = 0 , (4.8)
3 (α+ 8b) s+ 3 (σ + 3c+ 6γ) s+ γ ( − 3) h+ 6σφ = 0 , (4.9)
( − 3)Y = 0 , (4.10)
where is defined in the AdS3 background, and
Y = (α+ 8b) ( − 3) h− γh+ 12 (ρs+ σφ) ,
γ ≡ σ + 3c− α+ 2βa ,
ρ ≡ 12b+ 3c+ α+ βa . (4.11)
The s field equation differs from [16] only in presence of the scalar field φ and the sign of σ.
As commented upon earlier, the scalar φ couples to the supergravity multiplet in a non-
trivial way. It follows that, unless σ = 0, there is no choice of parameters for which all three
scalars can be eliminated by using their equations of motion. Consequently, the discussion
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of the unitarity of the theory is more complicated than the discussion in [7], where, for a
certain choice of parameters, s and h could be eliminated allowing a unitarity condition to
be obtained. If σ = 0, the partial results of [16] on perturbative unitarity can be used. With
the parameters required by D = 6 supersymmetry, however, one does not obtain a model
for which a conclusion about perturbative unitarity can be drawn, based on the results of
[16] alone.
There remains the traceless part of the Einstein equation, which can be expressed as
D(1)D(−1)D(η+)D(η−)Hµν = γ−1 Jµν , (4.12)
where we have defined the differential operator8
[D(η)]µ ν = δµν + η εµαν∇α , (4.13)
for a constant η, and
η± = γ−1
(
−β ±
√
β2 − γα
)
. (4.14)
Note that this result is independent of the parameter b that occurs in front of LR2 in the
total Lagrangian. We have assumed that γ 6= 0. The source term is given by
Jµν = −13
(∇µ∇ν − 13 g¯µν )Y . (4.15)
These satisfy η+η− = αγ−1. The integrability condition ∇µJµν = 0 is satisfied by virtue of
the field equation (4.10). Provided that γ 6= 0, the source term Jµν can be absorbed into
the definition of Hµν in such a way that it maintains the traceless and transverse properties
of Hµν .
For appropriate boundary conditions, the vanishing of the left-hand side of (4.12) implies
that Hµν is annihilated by one or another of the four commuting D factors. In general, the
helicity ν and lowest energy E0 of an excitation satisfying D(η)Hµν = 0 are given by [7]
ν =
2η
|η| , E0 = 1 +
1
|η| , (4.16)
and the mode furnishes a unitary irreducible representation of the AdS3 group if E0 ≥ |ν|,
which means |η| ≤ 1. If η = ±1, the mode decouples in the bulk, and just describes an
excitation in the boundary theory. Thus generically, when |η±| 6= 1, there are two bulk
graviton modes with |ν| = 1 and two boundary modes.
8Note that by definition D(η)Hµν means [D]µ
ρHρν , and that, as can easily be verified, this preserves
the transversality and tracelessness of Hµν . Furthermore, the operators commute on Hµν , in the sense
that [D(η1),D(η2)]Hµν = 0 for any η1 and η2. Another useful identity satisfied by these operators is that
D(η1)D(η2)Hµν = η1η2 ( + 3)Hµν +D(η1 + η2)Hµν .
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The expression (4.14), for γ 6= 0, agrees with that found for the seven-parameter action
in [16]. The additional parameter that we have in our action and the coupling of the scalar
multiplet does not change this result, because upon expansion around the vacuum solution
we have employed, the linearization of
√−g [σe−2φ(R + 2S2 + 4m2) +MS] gives the same
result as
√−g [σ(R − 2S2) +MS] in [16]. As we saw earlier, however, the field equations
for the scalar fields do differ in the two cases.
For γ = 0, a straightforward limit of (4.12) gives
D(1)D(−1)D(η)εµαβ∇αHβν = −
1
2β
Jµν , (4.17)
where η = −α/(2β). The source term cannot be absorbed into a redefinition of Hµν in this
case. Upon acting with ελ
τµ∇τ , the source term drops out, yielding [7]
D(1)D(−1)D(η)( + 3)Hµν = 0 . (4.18)
In addition to a single helicity 2 massive graviton, this equation also describes a partially-
massless graviton [17, 18, 19].
The critical points where the massive graviton decouples arise when either |η+| = 1
and/or |η−| = 1 and/or η+ = η−, with η± given in (4.14). The criticality condition in our
eight-parameter model coincides with that in [7], where an extensive list of critical points
was given. For our three-parameter theory that can be lifted to six dimensions, a = 1,
b = 0 = c and the critical points are given by
σ2 = 1 : Case 1: β = +α : σα = −14 , η+ = 1 ,
Case 2: β = −α : σα = +14 , η+ = η− = 1 ,
σ = 0 : Case 3: Any α 6= β , η− = −1 ,
Case 4: Any α = β , η+ = η− = −1 . (4.19)
In Case 1 and Case 3, there are only single helicity −2 bulk states with AdS energies E0 = 4
and E0 = 1+ |(2β −α)/α|, respectively. In Case 3, taking β = −α gives E0 = 4 as well. In
Case 2 and Case 4, there are no propagating bulk gravitons at all.
Finally, we may evaluate the central charges for the right-handed and left-handed Vi-
rasoro algebras of the boundary CFT, following the procedure described in [20, 21, 22, 7],
finding
CL =
3
2G
(
σ + 3c+ 2β(a+ 1)
)
, CR =
3
2G
(
σ + 3c+ 2β(a − 1)
)
. (4.20)
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(We have restored Newton’s constant in order to simplify comparison with previous results.)
For our three-parameter theory coming from the reduction from six dimensions, we have
a = 1 and c = 0. Thus for σ2 = 1, we have cL = 0 if σβ = −14 , while CR = 3σ/(2G). This
corresponds to the critical points listed as Case 1 and Case 2 in (4.19). If instead σ = 0,
then CR = 0 for any β, and CL = 6β/G. In this case, β can be chosen so that CL has any
desired value. This may have interesting consequences for the corresponding CFT. This
case leads to the critical points listed as Case 2 and Case 4 in (4.19).
In summary, Case 2 can be viewed as the higher-derivative generalization of chiral
gravity proposed in [3], and Case 4 is an alternative higher-derivative version in which the
Hilbert-Einstein term is omitted, with the parameters chosen in each case so that no massive
gravity modes arise. Moreover, this phenomenon occurs in the alternative theory for any
value of the parameters with α = β.
5 Dualisation and the Heterotic String
The six-dimensional supergravity whose bosonic Lagrangian is given by (2.23) is closely
related to the dimensional reduction of the effective theory of the heterotic string. To be
more precise, we may consider the ten-dimensional supergravity constructed in [23], where
the supersymmetrisation of the anomaly-canceling tr(R ∧ R) term in the Bianchi identity
for the 3-form H(3) was studied. The goal in [23] was to consider only those terms that
are necessary in order to obtain a Lagrangian that remains supersymmetric when the the
Bianchi identity dF(3) = tr(F ∧ F ) is modified to dF(3) = tr(F ∧ F ) − α′ tr(R ∧ R). It
was shown that this requires introducing higher-order curvature terms in the Lagrangian,
starting with 14αe
−2φRµνρσ Rµνρσ , and that furthermore the curvature in these terms is
built from the connection Γ˜µνρ = Γ
µ
νρ − 12Fµνρ with bosonic torsion. Supersymmetry
requires that the Lagrangian with the anomaly-canceling tr(R ∧ R) term have corrections
to arbitrarily high order in α′ (and hence arbitrarily high powers of the curvature). In [23],
these corrections were studied up to and including order α′2.
If the theory of [23] is reduced on T 4 to six dimensions (setting the Yang-Mills fields to
zero, and consistently truncating to keep only the relevant fields), it can be compared with
the theory of [14, 15], given in (2.23). The reduced heterotic effective action gives
L6 =
√−g e−2φ
[
R+ 4(∂φ)2 − 112FµνρFµνρ + 14αR̂µνρσR̂µνρσ
]
+O(α2) , (5.1)
where here the curvature in the terms at order α is calculated using the connection Γ̂µνρ =
23
Γµνρ − 12Fµνρ, and F(3) is given by
F(3) = dA(2) − 12α Î3 . (5.2)
If we neglect for a moment the torsion contributions to the higher-order curvature terms
in the two six-dimensional theories, it is easy to see that (2.23) and (5.1) are related by
dualisation, with the dilaton and metric of the theory (2.23) transformed according to
φ −→ −φ , gµν −→ e−2φ gµν . (5.3)
(All fields on the right-hand sides are the transformed fields.) Then we define (using the
dualised dilaton and metric)
Fµνρ =
1
6εµνραβγ e
2φHαβγ . (5.4)
Note that under this dualisation, the Chern-Simons term LCS in (2.23) gives rise to the
anomaly-canceling tr(R ∧R) term in the theory described by (5.1).
If we include the torsion contributions, the duality between (2.23) and (5.1) is harder
to see, but we conjecture that it does still exist, and it implemented by exactly the same
transformations (5.3) and (5.4). It should be emphasised that in particular, this conjec-
tured duality relates the exact, closed-form, theory given by (2.23) (which has no curvature
corrections beyond O(α)) to the theory described by (5.1) with its curvature corrections to
all orders in α.
The strongest reason for believing this duality conjecture is that the theory described
by (2.23) (together with its fermionic terms as given in [14, 15]) is exactly supersymmetric,
with N = (1, 0) supersymmetry. On the other hand, the theory described by (5.1) (together
with its fermionic terms) is the dimensional reduction of the supersymmetrisation of the
anomaly-canceling tr(R ∧ R) in ten dimensions, and this theory (after the reduction and
truncation we have performed) also has N = (1, 0) supersymmetry in six dimensions. In
each case, the supersymmetrisation procedure gave a unique result. Since the dualisation
of (2.23) will certainly give rise to some six-dimensional theory with an anomaly-canceling
tr(R ∧ R) term, the uniqueness of the constructions implies that it can only be giving rise
to the theory described by (5.1).
A remarkable consequence of this duality is that the infinite set of correction terms to
all orders in α that are needed in order to supersymmetrise the anomaly-canceling tr(R∧R)
term in the theory studied in [23]) can be deduced (modulo terms that vanish in the T 4
reduction) simply by performing the dualisation of the theory constructed in (2.23), which
is exactly supersymmetric without the need for any corrections beyond the order α.
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Providing a complete proof of the duality would be quite involved, and we shall not
attempt it here. Instead, we shall just focus on a sub-calculation that is already non-trivial,
and that elucidates a seemingly puzzling aspect of the dualisation. The puzzle is that in
both the formulation in (2.23) and the formulation in (5.1), the quadratic curvature terms
are constructed from a connection with bosonic torsion; −12Hµνρ in the case of (2.23) and
−12Fµνρ in the case of (5.1). However, these fields are related by (5.4), and so one might
have expected that if the (2.23) theory had torsion proportional to Hµνρ then the dual
theory would have torsion proportional to ǫµνραβγF
αβγ rather than Fµνρ. Here, we shall
look specifically at the contributions at linear order in Fµνρ, associated with the anomaly-
canceling term tr(R̂∧ R̂), in the expression for the dualised field-strength. This calculation
shows how the torsion is indeed proportional to Fµνρ, and not ǫµνραβγF
αβγ . A further
simplification in our calculation will be to neglect terms where derivatives land on the
dilaton field.
To begin, we expand the the terms in the Lagrangian (2.23) in powers of Hµνρ, keeping
only those of quadratic or lower order. From (2.28) we have, up to quadratic order in Hµνρ,
R˜µνρσR˜µνρσ = R
µνρσRµνρσ −Rαβµν HαλµHβλν + 12(∇µHναβ −∇νHµαβ)∇µHναβ ,
→ RµνρσRµνρσ −Rαβµν HαλµHβλν − 12∇µ(∇µHναβ −∇νHµαβ)Hναβ ,
which, upon use of the Bianchi identity dH(3) = 0 and the zeroth-order equation of motion
∇µHµνρ = 0 (recall we are neglecting terms involving derivatives of φ here) gives
R˜µνρσR˜µνρσ = R
µνρσRµνρσ − 3Rαβµν HαλµHβλν +O(H3) . (5.5)
The Chern-Simons term in (2.23) has the expansion
LCS = − 172β
√−g ǫµνραβγ I˜µνρHαβγ ,
= − 172β
√−g ǫµνραβγ
(
IµνρHαβγ + 3Hµσλ R
σλ
νρHαβγ
)
+O(H3) . (5.6)
Using the Schoutens identity Rσ[λνρ ǫ
µνραβγ] = 0, we find, after some manipulations, that the
second term in (5.6) is proportional to the Ricci tensor and hence by using the zeroth-order
Einstein equation (with derivatives of φ neglected), it becomes of higher than quadratic
order in H. To the order we are working, Lagrangian (2.23) can therefore be expanded as
L = √−g
[
e−2φ(R− 112H23 )− 172βIµνρHαβγ ǫµνραβγ − 34αRαβµν HαλµHβλν
]
. (5.7)
To perform the dualisation, we next add a Lagrange multiplier term
LLM = − 136
√−g F¯µνρHαβγ ǫµνραβγ (5.8)
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to the Lagrangian, where F¯(3) ≡ dA(2), make the changes of variables given in (5.3) and
(5.4), and then vary with respect to Hαβγ . This gives the result that
Fµνρ = 3∂[µAνρ] − 12βIµνρ − 32αRαβ [µν Fρ]αβ . (5.9)
With α = β we see that indeed this is the correct expansion, up to linear order in F(3), of
the expression
F(3) = dA(2) − 12αÎ3 , (5.10)
where
Î3 = (Γ̂
α
µβ∂νΓ̂
β
ρα +
2
3 Γ̂
α
µβΓ̂
β
νγΓ̂
γ
ρα)dx
µ ∧ duν ∧ dxρ , (5.11)
with Γ̂µνρ = Γ
µ
νρ− 12Fµνρ. Thus at the order to which we have worked here, we have sseen
how the two six-dimensional theories are related by duality.
It should be emphasised that from (5.3), the relationship between the six-dimensional
theory constructed in [14, 15], and the dimensional reduction of the heterotic string, is
non-perturbative in nature, since the sign of the dilaton is reversed. Consequently, the
embedding of the three-dimensional massive supergravity in string theory is also of a non-
perturbative nature. This is consistent with the fact that both the three-dimensional and
the six-dimensional theories are complete, whereas the higher-order terms in the heterotic
theory require infinite sequences of higher curvature terms.
6 Conclusions
In this paper we have obtained a new type of massive three-dimensional gravity, by per-
forming a 3-sphere reduction of the off-shell six-dimensional N = (1, 0) supergravity that
was constructed in [14, 15]. This six-dimensional starting point is of particular interest
because it is fully supersymmetric with just quadratic curvature terms added to the basic
Poincare´ supergravity, and hence we can obtain a closed-form result in three dimensions.
The three-dimensional theory comprises an N = 1 off-shell supergravity multiplet coupled
to an on-shell scalar multiplet which cannot be non-trivially decoupled. The theory has
three parameters (two continuous plus one discrete).
Because the constraints of N = 1 supersymmetry in three dimensions are weaker than
those of N = (1, 0) supersymmetry in six dimensions, we can actually relax the relations
between the coefficients of the terms in the dimensionally-reduced Lagrangian, whilst still
maintaining N = 1 supersymmetry. In this way, we then generalised our original three-
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dimensional theory to one containing eight parameters (of which seven are continuous and
one is discrete).
We also considered the possible relation between our six-dimensional starting point in
[14, 15], and the heterotic string in ten dimensions. More specifically, we focussed on the ten-
dimensional supergravity considered in [23], in which the anomaly-cancelling tr(R∧R) term
of the heterotic theory was supersymmetrised. This required the introduction of curvature-
squared terms, and in fact an infinite sequence of higher-order curvature terms (which were
not constructed in [23]). If this theory is reduced on T 4 and truncated to N = (1, 0),
the resulting six-dimensional theory must evidently be the dual of the theory constructed
in [14, 15] that served as our starting point in this paper. This is rather remarkable,
since the reduction of [23] would yield an infinite sequence of higher-order curvature terms,
whereas the theory in [14, 15] is exactly supersymmetric with no curvature terms beyond
the quadratic order.
As is known from recent work, there are quite large classes of higher-order superinvari-
ants in three dimensions that each involve only a finite number of terms. So far, in six
dimensions, the only known example is the curvature-squared invariant studied in [14, 15].
It would be interesting to investigate whether further such invariants might exist in six
dimensions.
The 3-sphere reduction that we performed in this paper was a very simple one that did
not involve non-singlets under the action of the isometry group of the sphere. It is unclear
whether a consistent reduction that retained all the SO(4) = SU(2)L×SU(2)R Kaluza-Klein
gauge fields is possible, but it would certainly be possible to perform a consistent DeWitt
group-manifold reduction, retaining the gauge fields of SU(2)R and all other singlets under
SU(2)L. Such reductions of six-dimensional supergravity, in the absence of higher-order
curvature terms, have been considered in the past [24, 25, 26]. It would be interesting to
carry out analogous reductions including the higher-order terms.
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A Notation and conventions
The six-dimensional Γ-matrices obey the Clifford algebra {Γa,Γb} = 2ηab with ηab =
diag(−,+, ...,+)9. The spinors in six dimensions are symplectic Majorana-Weyl, obeying
the reality condition
(ψi)
∗ = BΩijψj , i = 1, 2 , (A.1)
where Ωij = −Ωji is the Sp(1) invariant constant tensor, and B is constructed from six-
dimensional Γ-matrices such that
Γ∗a = −B ΓaB−1 , BT = −B , B∗ = −B . (A.2)
The Dirac conjugate is defined as ψ¯i = i (ψi)
∗γ0. The Sp(1) indices are raised and lowered
using Ω:
ψi = Ωijψj , ψi = ψ
jΩji , ΩijΩ
jk = −δki . (A.3)
The contraction of the Sp(1) indices is such that ǫ¯ψ = ǫ¯iψi. The fermionic bilinears have
the property ǫ¯iΓa1···anψ
j = −(−1)nψ¯jΓan···a1ǫi.
Under SO(5, 1) → SO(2, 1) × SO(3), we let a → (a, a′), where now a = 0, 1, 2 and
a′ = 1, 2, 3, and the Γ-matrices decompose as
Γa = γa × 1× Σ1 , Γa′ = 1× σa′ × Σ2 ,
B = 1× σ2 × Σ3 , Γ7 = −Γ0Γ1 · · ·Γ6 = 1× 1× Σ3 ,
Γµ1...µ6 = −εµ1...µ6Γ7 . (A.4)
where {γa, γb} = 2ηab with ηab = diag(−,+,+), and σa′ as well as (Σ1,Σ2,Σ3) are are the
standard Pauli matrices. In our conventions γ012 = 1. The supersymmetry parameter has
positive chirality Γ7ǫ
i = ǫi, which implies Σ3ǫ
i = ǫi. Our conventions for the Levi-Civita
tensor densities in six and three dimensions are that ǫ012345 = +1 and ǫ012 = +1.
B Expansion formula
Given the action
I =
∫
d3x
√−g (c1R2µν + c2R2) , (B.1)
9This convention differs from that in [14] where ηab = diag(+,+, ...,+). Accordingly, we let ε
a1...a6 →
−i εa1...a6 in [14]. Our definition of the Ricci tensor Rµν = g
λτRµλντ also differs from that of [14] where
Rµν = g
λτRµλτν .
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its variation with respect to the metric is
δI =
∫
d3xδgµν
√−g Lµν , (B.2)
where
Lµν = −(2c2 + c1)∇µ∇νR+ c1 Rµν + 12 (4c2 + c1)gµν R (B.3)
−12(c2 + 2c1)gµνR2 + (2c2 + 3c1)RRµν − 12c1
(
8RµλR
λ
ν − 3gµνR2λτ
)
. (B.4)
The linearizations of various quantities about AdS3 with R¯ = 6Λ, in the gauge ∇µHµν = 0
with Hµν = hµν − 13 g¯µνh, and with total derivative terms discarded, take the form:
R(1)µν = −12 ( − 6Λ)Hµν − 16 (∇µ∇ν + gµν ) h ,
R(1) ≡ (gµνRµν)(1) = −23 ( + 3Λ) h ,
G(1)µν = −12 Hµν −
1
6
(∇µ∇ν − g¯µν )h ,
C(1)µν = −12 ( − 2Λ) εµαβ ∇αHβν . (B.5)
(A superscript (1) indicates that the quantity on which it has been placed is linearized around
the AdS3 background. After doing this, we then drop the bars from derivative operators in
the background.) At the higher derivative level, the following expansion formula is useful:
( Rµν)
(1) =
(
R(1)µν − 2Λhµν
)
= −12 ( − 2Λ)Hµν − 16∇µ∇ν ( + 6Λ) h− 16gµν ( + 2Λ) h .
(B.6)
Note also that ( R)(1) = R(1) and (∇µ∇νR)(1) = ∇µ∇νR(1). Other useful formulae
include the arbitrary variation of the Einstein-Hilbert Lagrangian
δ
(√−gR) = √−g (Gµν −∇µ∇ν + gµν ) δgµν , (B.7)
and the commutators
[ ,∇µ]h = ∇µ( + Λ)h ,
[ ,∇µ∇ν ]h = 6Λ
(∇µ∇ν − 13 g¯µν )h . (B.8)
Finally, we record the three-dimensional identity
Rµν
ab = 4R[µ
[aeν]
b] −Re[µ[aeν]b] . (B.9)
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C Off-shell N = (1, 0) supergravity in 6D in Einstein frame
The bosonic part of the Lagrangian is given by [14]
e−1L = R+ 14V ijµ V µij − ∂µφ∂µφ− 112e−2φHµνρHµνρ
+
1
2× 5!Gµ1...µ5G
µ1...µ5 − 1
5!
√
2
εµν1...ν5Gν1...ν5V
ij
µ δij . (C.1)
The action is invariant under off-shell supersymmetry transformations, which, up to cubic
fermions, take the form [14]
δeaµ =
1
2 ǫ¯Γ
aψµ ,
δψµ = Dµ(ω)ǫ− 148e−φΓ ·HΓµǫ+ Γµη ,
δBµν = −ǫ¯Γ[µψν]eφ − ǫ¯Γµνψ ,
δV ijµ = −4ǫ¯(i φj)µ − 112e−2φǫ¯(i ΓµΓ ·Hψj) − 2e−φǫ¯(i /̂Dψj) − 4η¯(i ψj)µ ,
δCµνρσ = 2
√
2 ǫ¯i Γ[µνρψ
j
σ] δij ,
δψ = 14e
φΓµ∂µφǫ− 148Γ ·Hǫ− eφη ,
δφ = e−φǫ¯ψ , (C.2)
where [14]
φµ = − 116
(
ΓρσΓµ − 35ΓµΓρσ
)
ψ′ρσ − 160Γµχ ,
χ = 6e−φΓµD̂µψ + 14e−2φΓ ·Hψ ,
ηi =
(
− 1
4
√
2
ΓµV (jµ k δ
ℓ)k ǫj +
1
5!× 8√2Γ
µ1...µ5Gµ1...µ5ǫ
ℓ
)
δℓi , (C.3)
and
D̂µψ = Dµ(ω)ψ + 148Γ ·Hψµ − 14eφΓν∂νφψµ + eφφµ , (C.4)
ψ′µν = 2D[µ(ω)ψν] + 124e−φ Γ ·H Γ[µ ψν] . (C.5)
It was observed in [15] that the fields φ and ψ can be eliminated from the transformation
rules of the multiplet of fields (eµ, ψµ, V
i
µ, Bµν) by means of the the field redefinitions (2.3).
These redefinitions lead to drastic simplifications and, dropping the hats on êaµ, ψ̂µ and ǫ̂
for simplicity, yield the transformation rules (2.9).
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